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Abstract. The purpose of this paper is to construct and study equivariant
Khovanov homology – a version of Khovanov homology theory for periodic
links. Since our construction works regardless of the characteristic of the co-
efficient ring it generalizes a previous construction by Chbili. We establish
invariance under equivariant isotopies of links and study algebraic properties
of integral and rational version of the homology theory. Moreover, we construct
a skein spectral sequence converging to equivariant Khovanov homology and
use this spectral sequence to compute, as an example, equivariant Khovanov
homology of torus links T (n, 2).
1. Introduction
A link L is m-periodic if it is invariant under a semi-free action of a cyclic
group Zm of order m on the 3-sphere, i.e., for a fixed link L we are interested in
diffeomorphisms f : (S3, L) → (S3, L) of finite order, with the property that L is
disjoint from the fixed point set of f . Due to the resolution of the Smith Conjecture,
see [MB84], existence of such symmetry can be rephrased in the following way. Let
ρn be the rotation of R3 by the 2pin angle about the OZ axis. We are interested in
links L ⊂ R3, which are disjoint from the OZ axis and invariant under ρn.
In recent years there has been an interest in studying periodic links with the
aid of homological links invariant, see [BP17, Chb10, Cor16, Hen15, HLS16, Pol17,
SS10, Zha17]. Many of these papers build upon a previous work on polynomials
invariants of periodic links [Mur71,Mur88,Prz89,Tra91,Tra90,Tra90b].
The purpose of this paper is is to construct and study a homological invariant
of periodic links which we call equivariant Khovanov homology. The construction
we present is an algebraic analogue of the Borel equivariant cohomology – one of
the standard tools in equivariant algebraic topology, see [tD87]. The paper is an
abridged version of the author’s Ph.D. Thesis [Pol15].
Firstly, we establish invariance of equivariant Khovanov homology i.e. we prove
that it is invariant under equivariant isotopies of periodic links. Our construction
generalizes the one from [Chb10] because it works regardless of the characteristic
of the coefficient ring. Moreover, in [BP17,Pol17] it was shown that this invariant
can be effectively applied to decide whether a link is periodic or not.
Secondly, we construct a skein spectral sequence for equivariant Khovanov ho-
mology. The skein spectral sequence, in order to preserve the symmetry of the
considered diagram, takes into account not a single crossing but an orbit of cross-
ings and all its resolutions. As an application we compute equivariant Khovanov
homology of torus links T (n, 2) over the rational field.
The paper is organized as follows. In Section 2 we study the Bar-Natan’s bracket
of a periodic link diagram. We exhibit an action of the cyclic group on it and show
that it descends to an action on any link homology theory obtained from this
complex via TQFT. Moreover, we study equivariant isotopies of periodic diagrams:
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Figure 1. Borromean rings are 3-periodic. The fixed point axis
F is marked with a dot.
we define equivariant Reidemeister moves and equivariant version of Reidemeister
theorem. In Section 3 we give a construction of equivariant Khovanov homology,
and prove its invariance under equivariant Reidemeister moves. Section 4 is devoted
to the construction of the skein spectral sequence. Section 5 contains computations
of equivariant Khovanov homology of torus links T (n, 2).
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Prof. Krzysztof Pawałowski for his guidance and support. I am also grateful to
Józef Przytycki for suggesting me to take up this project and to Maciej Borodzik
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2. Khovanov bracket of a periodic links
Let us first recall the definition of a periodic link.
Definition 2.1. Let m > 1 be an integer, and let L be a link in S3. We say that
L is m-periodic, if there exists an action of the cyclic group Zm of order m on S3
satisfying the following conditions
(1) The fixed point set, denoted by F , is an unknot,
(2) L is disjoint from F ,
(3) L is a Zm-invariant subset of S3.
Analogously, we say that a link diagram D ⊂ R2 is m-periodic if it is invariant
under a rotation of R2 of order m and it is disjoint from the center of this rotation.
Example 2.2. As an example consider Borromean rings. This link is 3-periodic.
The symmetry is visualized on Figure 1. The dot marks the fixed point axis.
Example 2.3. Torus links constitute an infinite family of periodic links. In fact,
according to [Mur71], the torus link T (m,n) is d-periodic if, and only if, d divides
either m or n.
In the remainder part of this section we will study Khovanov bracket, denoted
by [[D]]Kh, of a periodic link diagram D. We will assume that the reader is familiar
with this concept. Moreover, we will use the language of planar algebras. We refer
the reader who is unfamiliar with these concepts to [BN05].
For a link diagram D we will denote by n(D), n+(D) and n−(D) the number of
all, positive and negative crossings of D, respectively.
Periodic diagrams of periodic links can be described conveniently in terms of
planar algebras. Let us denote by Dm the m-periodic planar arc diagram with
m input disks which does not contain any closed arcs, see Figure 2 for an example
with m = 4. Choose a tangle diagram T with sufficient number of endpoints and
glue m copies of T into the input disks of Dm. In this way, we obtain a periodic link
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Figure 2. 4-periodic planar diagram.
Figure 3. Torus knot T (3, 4) as a 4-periodic knot obtained from
the planar diagram from Figure 2
Figure 4. Periodic Kauffman state with 3 components and sym-
metry of order 2. Middle cylinder contains the fixed point axis
F .
diagram, denoted by Dm(T ), quotient of which is represented by an appropriate
closure of T . See Figure 3 for an example.
Using the above description of periodic links, it is possible to exhibit a cobordism
that induces an action of Zm on the Khovanov bracket [[D]]Kh, for D a periodic link
diagram. Firstly, notice that we can assume that D represents a link in D2 × I
and Zm rotates the D2 factor, where D2 denotes a 2-disk. Secondly, note that the
diffeomorphism, denote it by f , generating the Zm-symmetry of D2× I, is isotopic
to the identity. This isotopy can be chosen in such a way that it changes the angle
of rotation linearly from 0 to 2pim . Denote this isotopy by H. The cobordism in
question is the trace of H
ΣH = {(H(x, t), t) ∈ D2 × I × I : x ∈ L, t ∈ I}.
Topologically, ΣH is an embedded cylinder S1 × I, however it is not isotopic,
rel boundary, to the trace of the constant isotopy ΣH0 .
Let us now proceed to the description of the map induced by ΣH on [[D]]Kh. First,
we need to number crossings of D. Next, consider two vector spaces: W which is
spanned by the crossings of D and its exterior algebra V = Λ∗W . Define the
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Figure 5. 0-smoothing and 1-smoothing
distinguished basis of V to be the basis consisting of vectors of the form
ci1 ∧ ci2 ∧ . . . ∧ cik , i1 < i2 < . . . < ik
where cij ∈ CrD is a crossing of D. Notice that to each element v of the distin-
guished basis we can associate a unique smoothing Dv of D in the following way.
Let
v = ci1 ∧ ci2 ∧ . . . ∧ cik , i1 < i2 < . . . < ik,
then Dv is obtained from D by smoothing crossings ci1 , ci2 , . . . , cik with 1-smoothing
and the remainder crossings with 0-smoothing, see Figure 5.
Let T be a tangle diagram and let D = Dm(T ). Denote by WT and WD the vec-
tor space spanned by crossings of T and D, respectively. Under these assumptions
WD ∼= WmT , and Λ∗WD ∼= (Λ∗WT )⊗m .
Symmetry of D induces an action of Zm on Λ∗WD which permutes factors in the
tensor product above. Cobordism ΣH discussed above induces a map
ΣH : [[D]]Kh → [[D]]Kh
which permutes Kauffman states of D. This permutation is compatible with the
induced action on Λ∗WD. Geometrically, the map ΣH |[[D]]rKh is induced, up to sign,
by a “permutation” cobordisms similar to the one in Figure 4.
Let us define a map
ψ : (Λ∗WT )
⊗m → (Λ∗WT )⊗m(1)
ψ : x1 ⊗ x2 ⊗ . . .⊗ xm 7→ (−1)αx2 ⊗ . . .⊗ xm ⊗ x1, xi ∈WT ,
where
α = (m− 1)n−(T ) + deg x1(deg x2 + deg x3 + . . .+ deg xm).
Above, n−(T ) stands for the number of negative crossings of T . Automorphism ψ
maps any vector from the distinguished basis of Λ∗WD to ±1 multiplicity of some
other vector from the basis.
ψ(v) = sign(ψ, v)w
We can use these signs to change the definition of ΣH as follows.
ΣH |Dv : Dv → Dw,
ΣH |Dv = sign(ψ, v)Σv,w,(2)
where Σv,w denotes the appropriate permutation cobordism. This discussion leads
to the following proposition.
Proposition 2.4. Let D be an m-periodic link diagram, then Khovanov bracket
[[D]]Kh admits an action of Zm.
Remark 2.5. This sign convention we use was implicitly described in [BN05].
Remark 2.6. The fact that the action of Zm on the Khovanov bracket is well-
defined can be proven using functoriality of Khovanov homology established by [Vog15].
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Figure 6. Examples of equivariant Reidemeister moves.
Proof of Proposition 2.4. The only thing left to prove, is that ΣH commutes with
the differential. Geometric properties of the Khovanov bracket imply that the
components of both maps commute up to sign.
Let x1, . . . , xm ∈ VT be homogeneous vectors. Consider the following linear
maps
dD : (Λ∗WT )
⊗m → (Λ∗WT )⊗m ,
dD : x1 ⊗ . . .⊗ xm 7→
m∑
i=1
(−1)αix1 ⊗ . . .⊗ dT (xi)⊗ . . .⊗ xm,
σi : (Λ
∗WT )
⊗m → (Λ∗WT )⊗m ,
σi : x1 ⊗ . . .⊗ xm 7→ (−1)deg xi·deg xi+1x1 ⊗ . . .⊗ xi+1 ⊗ xi ⊗ . . .⊗ xm,
σ˜i = (−1)n−(T )σi.
where 1 ≤ i ≤ m− 1, αi = (−1)deg(xm)+...+deg(xi+1) and
dT (w) =
∑
v∈Cr T
w ∧ v.
The map ψ from (1) is a composition of the maps σ˜i
ψ = σ˜m−1 ◦ σ˜m−2 ◦ . . . ◦ σ˜1.
The map dD corresponds to the differential, i.e. let
dr−n−(D) : [[D]]
r−n−(D)
Kh → [[D]]r+1−n−(D)Kh
be the differential in the Khovanov bracket. It is defined
dr−n−(D) =
∑
(v,w)
sign(v, w)Σ(v,w),
where the summation extends over pairs (v, w) consisting of v ∈ CrD and w a is
vector from the distinguished basis of Λ∗WD, such that v∧w 6= 0. Moreover, Σ(v,w)
is an appropriate elementary cobordism
Σ(v,w) : Dw → Dw∧v.
It is not hard to check, that the coefficient sign(v, w) is equal to the coefficient of
v ∧ w in dD(v). Consequently, in order to finish the proof it is sufficient to check
that for 1 ≤ i ≤ n− 1 the following equality holds
σ˜i ◦ dD = dD ◦ σ˜i.
This can be verified by an elementary calculation. 
Let D = Dm(T ) be an m-periodic link diagram obtained from a tangle T .
Suppose that T ′ is tangle obtained from T by a single application of one of the
Reidemeister moves. Form another link diagram D′ = Dm(T ′). We say that D′
was obtained from D by an application of an equivariant Reidemeister move, see
Figure 6. Analogously, we can define equivariant planar isotopy for periodic link
diagrams.
6 WOJCIECH POLITARCZYK
Proposition 2.7. Let L and L′ be two m-periodic links and let D and D′ be two
m-periodic diagrams representing L and L′, respectively. Every equivariant isotopy
from L to L′ can be realized by a sequence of equivariant Reidemeister moves from
D to D′.
Proof of Proposition 2.7. If L and L′ are equivariantly isotopic, they are also iso-
topic in the complement of some tubular neighborhood of the fixed point axis. The
respective quotient links are also isotopic in the complement of the fixed point axis.
The sequence of Reidemeister moves connecting quotient diagrams can be lifted to
a sequence of equivariant Reidemeister moves connecting D and D′. 
Corollary 2.8. Let F be any TQFT functor on the category of dotted cobordisms
taking values in the category of modules over a commutative ring with unit R. If
D is an m-periodic link diagram, the F([[D]]Kh) is a complex of R[Zm]-modules. In
particular, Khovanov complex CKh(D;R) is a complex of R[Zm]-modules.
In the nonequivariant setting Bar-Natan [BN05] proved that Reidemeister moves
induce chain homotopy equivalences of Khovanov brackets of respective diagrams.
This result can be used to prove invariance of Khovanov bracket of a periodic link
up to equivariant Reidemeister moves.
Theorem 2.9. Assume that D′ is a periodic link diagrams obtained from a periodic
link diagram D by a single Reidemeister move. Let F be a TQFT functor whose
target is the category of R-modules. The map
R : [[D]]Kh → [[D′]]Kh,
induced by an equivariant Reidemeister move gives a chain homotopy equivalence
F(R) : F([[D]]Kh)→ F([[D′]]Kh)
in the category of cochain complexes of R [Zm]-modules.
Proof. First let us prove that F(R) is a morphism in the category of R [Zm]-
modules. To verify this condition, refer to the proof of [BN05, Theorem 2]. The
bracket [[D]]Kh is constructed along the lines of the formal tensor product of copies
of the complex [[D]]Kh. Any collection of morphisms
Σi : [[T ]]Kh → [[T ′]]Kh,
for i = 1, . . . ,m, yields a morphism
Dm(Σ1, . . . ,Σm) : [[D]]Kh → [[D′]]Kh.
Taking into account the symmetry of D and D′, we obtain the following com-
mutative diagram
[[D]]Kh [[D′]]Kh
[[D]]Kh [[D′]]Kh
Dm(Σ1, . . . ,Σm)
ΣD ΣD′
Dm(Σ2, . . . ,Σm,Σ1)
where ΣD and ΣD′ denote the automorphisms of complexes induced by the action
of Zm. Since R = Dm(R′, . . . ,R′), where
R′ : [[T ]]Kh → [[T ′]]Kh
is induced by a single Reidemeister move, it follows that F(R) is a morphism in
the category of R [Zm]-modules.
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Repeating the above argument we can prove that chain homotopies defined in
Section 4.1 in [BN05] associated to equivariant Reidemeister moves induce chain
homotopies in the category of R[Zm]-modules. 
Remainder part of this section is devoted to more in-depth analysis of the action
of Zm on the Khovanov bracket. The results below will play an important role in
Section 4.
Definition 2.10. Let S(D) denote the set of smoothings of link diagram D.
(1) For 0 ≤ r ≤ # Cr(D), let Sr(D) denote the subset of S(D) consisting of
smoothings with exactly r crossings resolved with 1-smoothing.
(2) For d | m, let Sd(D) denote the set of d-periodic smoothings, that is smooth-
ings of the form
Dm(T1, . . . , Tmd , T1, . . . , Tmd , . . . , T1, . . . , Tmd︸ ︷︷ ︸
m copies
),
where T1, . . . , Tmd are distinct smoothings of T , in particular an element of
Sd(D) is not invariant under any subgroup of Zm which contains properly
Zd.
(3) Define Sdr (D) = Sd(D) ∩ Sr(D).
(4) Define Sdr(D) to be the quotient of Sdr (D) by the induced action of Zm.
Before proceeding to the next lemma let us some more notation. Let Z− be a
module over the group ring Z [Zm] such that, ifm is even, the generator of the cyclic
group acts on Z− by multiplication by −1, trivial module otherwise. Moreover, if
d | m, and M is a Z[Zd]-module, define the induction of M to be
IndZmZd M = Z[Zm]⊗Z[Zd] M.
Lemma 2.11. Suppose that F is a TQFT functor defined on the category of dotted
cobordisms whose target is the category of R-modules, for R a commutative ring
with unit. Let s1, . . . , smd ∈ Sdr (D), for d | gcd(m, r) and d ≥ 1, be an orbit of
smoothings, then
m/d⊕
i=1
F([[si]]Kh) ∼= IndZmZd
(
F([[s1]]Kh)⊗Z Z⊗s(m,r,d)−
)
as R [Zm]-modules, where
s(m, r, d) =
(m− 1)n−(D) + r(d− 1)
d
.
Proof. We will prove that if s ∈ Sdr (D), then Σ
m
d
h (s) = (−1)s(m,r,d)s. The orbit of
s1 consists of m/d smoothings which are permuted by the action of Zm. Therefore,
the lemma will follow from Proposition [CR90, Prop. 10.5] once we determine the
induced action of Zd on F([[s1]]Kh). Since F([[s1]]Kh) admits an action of Zd, the
induced action will agree with this one up to sign.
Smoothing s1 corresponds to a vector
w = v ⊗ v ⊗ . . .⊗ v︸ ︷︷ ︸
d
,
where v = v1 ⊗ v2 ⊗ . . .⊗ vmd and v1, . . . , vmd ∈ Λ∗WT belong to the distinguished
basis. Consequently, according to the adopted sign convention,
ψ
m
d (w) = (−1)k(d−1)+
n−(T )m(m−1)
d w = (−1)
r(d−1)+n−(D)(m−1)
d w,
where k = deg v1 + deg v2 + . . .+ deg vmd . 
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Corollary 2.12. If F is as in the previous lemma and 0 ≤ r ≤ n+(D) + n−(D),
then
F([[D]]r−n−(D)Kh ) =⊕
d|gcd(m,r)
⊕
s∈Sdr
IndZmZd
(
F([[s]]Kh)⊗Z Z⊗s(m,r,d)−
)
{r + n+(D)− n−(D)}.
Remark 2.13. In the above formula there is a small ambiguity. We identified
a smoothing of a periodic link diagram with this orbit. This notational shortcut
does not cause any confusion because all smoothings belonging to the same orbit
contribute isomorphic summands to [[D]]r−n−(D)Kh .
Proof of Corollary 2.12. Since for distinct d1, d2 | gcd(m, r) the sets Sd1r (D), Sd2r (D)
are disjoint, the corollary follows readily from Lemma 2.11. 
3. Equivariant Khovanov homology
Before proceeding to the main topic of this section let us introduce some nota-
tion. For a doubly-graded module M∗,∗ we define another doubly-graded module
M [k]{l}∗,∗, for k, l ∈ Z, to be M i,j [k]{l} = M i−k,j−l.
3.1. Definition and basic properties of equivariant Khovanov homology.
Let, as in the previous section, D be an m-periodic link diagram. Suppose also
that R is a commutative ring with unit and M is a module over the group ring
Λm = R [Zm]. By results of the previous section we know that CKh(D;R) is a
complex of Λm-modules.
Definition 3.1. Equivariant Khovanov homology of D is
Kh∗,∗Zm(D,M) = Ext
∗,∗
Λm
(M,CKh(D, R)) .
In other words, if we choose a projective resolution P∗ → M , equivariant Kho-
vanov homology is the cohomology of the following bicomplex
. . .
dP∗−−→ HomΛm (Pi−1,CKh(D, R))
dP∗−−→ HomΛm (Pi,CKh(D, R))
dP∗−−→
dP∗−−→ HomΛm (Pi+1,CKh(D, R))→ . . .
In Section 2 we introduced equivariant Reidemeister moves and proved that any
equivariant isotopy of periodic links can be realized by a sequence of equivariant
Reidemeister moves. The following theorem establishes invariance of equivariant
Khovanov homology under equivariant Reidemeister moves.
Theorem 3.2. Equivariant Khovanov homology is an invariant of a periodic link,
i.e. it is invariant under equivariant Reidemeister moves.
Proof. Theorem 2.9 implies that a single application of an equivariant Reidemeister
move to a periodic link diagram, yields a chain homotopy equivalence of the corre-
sponding Khovanov brackets. Therefore, an equivariant Reidemeister move induces
a chain homotopy equivalence of the respective Khovanov complexes. Properties
of Ext groups imply that the homotopy equivalence descends to an isomorphism of
equivariant Khovanov homology. 
Remark 3.3. It is well known that the functor HomZ[Zm] (M,−), for a Z [Zm]-
module M , is in general not exact. Lack of exactness of the Hom functors forces
us to use derived functors of the Hom in order to obtain a periodic link invariant.
The lack of exactness can be observed for relatively simple examples of links.
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Figure 7. 2-periodic diagram of the unknot and its Khovanov bracket.
Consider the 2-periodic diagram D from Figure 7. Since
HomZ[Z2] (Z−,M) = {x ∈M : t · x = −x},
where t denotes the generator of Zm, we obtain
HomZ[Z2]
(
Z−,CKh1,∗(D)
)
=
=
〈[
1 ⊗ 1
− 1 ⊗ 1
]
,
[
1 ⊗X
−X ⊗ 1
]
,
[
X ⊗ 1
− 1 ⊗X
]
,
[
X ⊗X
−X ⊗X
]〉
HomZ[Z2]
(
Z−,CKh2,∗(D)
)
= 〈1 , X〉 .
Inspection of the differential d : CKh1,∗(D)→ CKh2,∗(D) yields
d :
[
1 ⊗ 1
− 1 ⊗ 1
]
7→ −2 · 1 ,
d :
[
1 ⊗X
−X ⊗ 1
]
7→ −2 ·X,
therefore
H2,∗
(
HomZ[Z2] (Z−,CKh(D))
)
= F2{5} ⊕ F2{3}.
On the other hand,
H2,∗
(
HomZ[Z2] (Z−,CKh(U))
)
= 0,
where U denotes the 2-periodic crossingless unknot diagram.
Recall that if C∗ and D∗ are bounded chain complexes of Λm-modules and
P∗ → C∗ is a projective resolution of C∗ and Q∗ → D∗ is a projective resolution
of D∗, then ExtnΛm (C
∗, D∗) is isomorphic to the group of chain homotopy classes
of chain maps
f : P∗ → Q∗
which increase homological grading by n. The composition of chain maps equips
Γ(C∗) = Ext∗Λm (C
∗, C∗) with the structure of a graded ring and Ext∗Λm (C
∗, D∗)
becomes a graded right module over Γ(C∗). In particular, if we take C∗ to be the
coefficient ring we recover the group cohomology ring Γ(R) = H∗(Zm, R). This
leads to the following observation.
Proposition 3.4. Let D is a periodic link diagram. For any Λm-module M ,
equivariant Khovanov homology Kh∗,∗Zm(D,M) is a graded module over the ring
Γ(M) = Ext∗Λm (M,M). In particular, KhZm(D, R) is a graded module over the
cohomology ring H∗(Zm, R).
Suppose now that D is a periodic diagram of an unlink. Components of D can
be divided into two categories: components in the first category are invariant under
the rotation, component in the second category are freely permuted by Zm. We
will denote by Tk,f an m-periodic unlink diagram consisting of k free orbits of
components and f fixed components.
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Proposition 3.5. For an m-periodic unlink diagram Tk,f and any Λm-module M
there exists an isomorphism
Kh∗,∗Zm(Tk,f ;M) ∼= Ext
∗,∗
Λm
(M,Kh(Tk,f ;R)) .
In particular if M = R we have
Kh∗,∗Zm(Tk,f , R) ∼= H∗,∗(Zm,Kh(Tk,f , R)).
Moreover, if k = 0
Kh∗,∗Zm(T0,f , R) ∼= Kh(T0,f ;R)⊗H∗(Zm;R).
Proof. In order to prove the first claim we can apply Cartan-Eilenberg spectral
sequence, see Proposition 5.7.6 in [Wei94], converging to equivariant Khovanov
homology
Ei,j2 = Ext
i
Λm
(
M,Khj,∗(D, R))⇒ Khi+j,∗Zm (D,M).
If D represents a trivial link, its Khovanov homology is concentrated in homological
degree zero, therefore the spectral sequence collapses at the second page and the
claim follows.
Second claim follows directly from the definition of group cohomology, see Defini-
tion 6.1.2 in [Wei94]. The third claim is a consequence of the fact that Kh(T0,f ;R)
is a graded free R-module with a trivial action of Zm. 
When k > 0 the action of Zm on Kh(Tk,f ) is nontrivial, but the resulting repre-
sentation can be decomposed into a direct sum of permutation modules, i.e. mod-
ules of the form R [Zm/H], for a subgroup H ⊂ Zm. For example, if m = p is a
prime, we have a decomposition Kh(Tk,f , R) = Kh(T0,f , R) ⊗ Kh(Tk,0, R). More-
over, Kh(Tk,0, R) = (A⊗p)⊗k, where A = R [X] /(X2) is the Khovanov algebra and
the action on each A⊗p factor is given by the formula
t · (x1 ⊗ x2 ⊗ . . .⊗ xp) = xp ⊗ x1 ⊗ . . .⊗ xp−1.
For 0 ≤ i ≤ kp, of A⊗pk we have
(3)
(A⊗kp)2i−kp = {R( ki/p) ⊕R [Zp]((pki )−( ki/p))/p , if p | i,
R [Zp](
pk
i )/p , otherwise.
Example 3.6. Consider the case f = 0, k = 1 and p is an arbitrary prime.
Equivariant Khovanov homology of T1,0 is given by the following formula
Khi,2j−pZp (T1,0, R) =

Hi(Zp, R) if j ∈ {0, p},
R(
p
j)/p, if i = 0 and 0 < j < p,
0, otherwise.
3.2. Integral equivariant Khovanov homology. Let L be an m-periodic link.
Let us discuss, as an example, equivariant Khovanov homology over R = Z.
First, let us consider, for any d | m, the cyclotomic ring Z [ξd], where ξd =
exp
(
2pii
d
)
. In other words Z [ξd] = Z[X]/Φd(X), where Φd(X) is the d-th cyclo-
tomic polynomial, see Definition A.1. Since Φd(X) divides Xm − 1, there exists a
surjective ring homomorphism Λm → Z [ξd] which equips the cyclotomic ring with
the structure of a Λm-module. Let us define, for any d | m,
Kh∗,∗,dZm (L;Z) = Kh
∗,∗
Zm(L;Z [ξd]).
Theorem 3.7. Let p1, . . . , ps be the collection of all prime divisors of m. Define
the ring Rm = Z
[
1
p1
, 1p2 , . . . ,
1
ps
]
. There exists a natural map⊕
d|m
Kh∗,∗,dZm (L;Z)→ Kh(L;Z),
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which becomes an isomorphism when tensored with Rm.
Proof. Let us choose an m-periodic diagram D of L. We have
(4) Ext∗,∗Λm (Λm,CKh(D)) ∼= Kh∗,∗(D).
Indeed, consider the Cartan-Eilenberg spectral sequence for Ext∗,∗Λm (Λm,CKh(D)).
The E2 page of this spectral sequence is given by
Ep,q2 = Ext
p,∗
Λm
(Λm,Kh
q,∗(D)) =
=
{
HomΛm (Λm,Kh
q,∗(D)) , p = 0,
0, p > 0.
Therefore, the spectral sequence collapses at the E2 page and since
HomΛm (Λm,Kh
q,∗(D)) ∼= Khq,∗(D)) ,
equality (4) holds.
Let Λ′ =
⊕
d|m Z [ξd]. Proposition 27.1 from [CR90] implies that Z [Zm] ⊂ Λ′
and this inclusion induces an isomorphism
Λ′ ⊗Z Rn = Λm ⊗Z Rn = Rn [Zn] ,
Consequently
Extr,∗Λm (Λ
′,CKh(D))⊗Z Rn ∼=
∼= Extr,∗Rn[Zn] (Λ′ ⊗Z Rn,CKh(D)⊗Z Rn) ∼=
∼= Extr,∗Rn[Zn] (Rn [Zn] ,CKh(D)⊗Z Rn) ∼= Kh
r,∗(D)⊗Z Rn,
because Rn is flat over Z. The last step of the proof consist of noticing that
Ext∗,∗Λm (Λ
′,CKh(D)) =
⊕
d|r
Kh∗,∗,dZm (L).

As indicated in Proposition 3.4, Kh∗,∗,dZm (L) admits an action of
Γ(Z [ξd]) = Ext∗Z[Zm] (Z [ξd] ,Z [ξd]) .
Proposition A.2 implies that there exists an isomorphism
Ext∗Z[Zm] (Z [ξd] ,Z [ξd]) ∼= Z [ξd] [Td]/(Ψm,d(ξd)Td),
where deg Td = 2 and Ψm,d(X) is a certain integral polynomial, see Definition A.1.
The action of Γ(Z [ξd]) imposes some restrictions on algebraic structure of equivari-
ant Khovanov homology.
Proposition 3.8. Let ` ∈ Z be chosen such that Kh`,∗(L) 6= 0 and Khi,∗(L)
vanishes for i > `. Multiplication by Td
− ∪ Td : Khi,∗,dZm (L)→ Kh
i+2,∗,d
Zm (L)
is an epimorphism for i = ` and isomorphism for i > `.
Remark 3.9. This is an analogue of [Wal79, Lemma 1.1].
Proof. Note that Proposition A.2 implies that the class Td ∈ Γ2(Z [ξd]) is repre-
sented by the following Yoneda extension
0→ Z [ξd]→ Z [Zm] Φd(t)−−−→ Z [Zm]→ Z [ξd]→ 0,
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where t denotes a fixed generator of Zm. The above exact sequence can be split
into two short exact sequences.
0→ Z [ξd]→ Z [Zm]→M → 0(5)
0→M → Z [Zm]→ Z [ξd]→ 0.(6)
Let
δ1 : Kh
i,∗,d
Zm → Ext
i+1,∗
Z[Zm] (M,CKh(L))
δ2 : Exti,∗Z[Zm] (M,CKh(L))→ Kh
i+1,∗,d
Zm (L),
be the connecting associated to exact sequences (5) and (6), respectively. The map
− ∪ Td : Khi,∗,dZm (L)→ Kh
i+2,∗,d
Zm (L)
is equal to the composition δ2 ◦ δ1. Since
Exti,∗Z[Zm] (Z [Zm] ,CKh(L))
∼= Khi,∗(L),
see the proof of Theorem 3.7, and Khi,∗(L) = 0 for i > ` we deduce that δ1 and δ2
are epimorphisms for i = ` and isomorphisms for i > `. 
Corollary 3.10. Let ` be as in the previous corollary. For i > `, Khi,∗,dZm (L) is
annihilated by m·rad(d)d , where rad(d) denotes the product of all primes dividing d.
Proof. This is a direct consequence of the previous corollary and Proposition A.2.

In Section 3.1, we denoted by Tk,f an m-periodic unlink diagram consisting of f
fixed components and k free orbits.
Example 3.11. Consider first T0,f . Since all components are fixed, the action of
Zm on Kh(T0,f ) is trivial. Therefore,
Kh∗,∗,dZm (T0,f ) = Ext∗Z[Zm] (Z [ξd] ,Z)⊗Kh(T0,f ).
For d = 1 we obtain from Proposition 3.5
Kh∗,∗Zm(T0,f ) = H∗(Zp,Z)⊗Z Kh(T0,f ).
For the case d > 1 Proposition A.3 implies that
Khi,j,dZm (T0,f ) =
{
Kh0,j(T0,f ;Z)⊗ Fp, 2 - i and d = pα,
0, otherwise.
Example 3.12. Consider the case f = 0, k = 1 and p is an arbitrary prime.
Equivariant Khovanov homology of T1,0 is given by the following formula
Khi,2j−p,1Zp (T1,0) =

Fp if j ∈ {0, p} and i = 2k, k > 0
Z(
p
j)/p, if i = 0 and 0 ≤ j ≤ p,
0, otherwise.
Khi,2j−p,pZp (T1,0) =

Fp if j = 0, p and i = 2k + 1, k > 0,
Z [ξp](
p
j)/p , if 0 < j < p and i = 0,
0, otherwise
which can be obtained from Example 3.6 and Example 3.11.
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3.3. Rational equivariant Khovanov homology. Let us briefly describe prop-
erties of equivariant Khovanov homology over the field of rationals. Recall that the
rational group algebra Q [Zm] is semi-simple and decomposes into a direct sum of
simple modules
Q [Zm] =
⊕
d|m
Q [ξd]
where, as in the previous section, Q [ξd] = Q[X]/Φd(X), where Φd(X) is the d-th
cyclotomic polynomial, see Definition A.1. For d | m let us denote, for d | m,
Kh∗,∗,dZm (L;Q) = Kh
∗,∗
Zm(L;Q [ξd]).
Proposition 3.13. If D is an m-periodic link diagram, then
CKh∗,∗(D;Q) ∼=
⊕
d|n
CKh∗,∗,dZn (D;Q),
where
CKh∗,∗,dZn (D;Q) = HomQ[Zn] (Q [ξd] ,CKh∗,∗(D;Q)) .
Moreover,
Kh∗,∗,dZn (D;Q) = H∗,∗(CKh
∗,∗,d
Zn (D)).
Proof. The proposition is a consequence of the Wedderburn decomposition and
Schur’s Lemma. For more details refer to Chapter 1 of [CR90]. 
Recall from Section A that the Euler’s totient function is defined
ϕ(n) = #{1 ≤ j ≤ n : gcd(j, n) = 1}.
Moreover, for any positive integer n, dimQQ [ξn] = ϕ(n).
Corollary 3.14. Suppose that D is an m-periodic diagram of a link and let d | m.
If for any i, j we have dimQ Khi,j(D;Q) < ϕ(d), then Kh∗,∗,dZn (D;Q) = 0.
Proof. Indeed, since Kh∗,∗,dZn (D;Q) is a Q [ξd] vector space, it follows readily that
dimQ Kh
∗,∗,d
Zn (D;Q) is divisible by dimQQ [ξd] = ϕ(d). 
The above corollary can be used to compute the equivariant Khovanov homology
in some cases.
Corollary 3.15. Let T (n, 2) be a torus link. Let d > 2 be a divisor of n. According
to Example 2.3, T (n, 2) is d-periodic. Let d′ > 2 and d′ | d.
Kh∗,∗,d
′
Zd (T (n, 2);Q) = 0.
Proof. Indeed, because according to [Kho00, Prop. 35] for all i, j we have
dimQ Kh
i,j(T (n, 2);Q) ≤ 1
and ϕ(d′) > 1 if d′ > 2. 
Corollary 3.16. Let T (n, 3) denote a torus link. If gcd(3, n) = 1,
Kh∗,∗,3Z3 (T (n, 3);Q) = 0.
If d > 2 divides n, d′ > 2 and d′ | d, then
Kh∗,∗,d
′
Zd (T (n, 3);Q) = 0.
Proof. Indeed, Theorem 3.1 from [Tur08] implies that for all i, j
dimQ Kh
i,j(T (n, 3);Q) ≤ 1,
provided that gcd(3, n) = 1. 
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4. The skein spectral sequence
In order to compute Khovanov homology one usually uses the skein exact se-
quence. Unfortunately, if the link in question is periodic, resolution of a single
crossing kills the symmetry. To remedy this it is necessary to choose an orbit of
crossings and take into account all possible resolutions of crossings belonging to the
orbit. These data can be organized into a spectral sequence. The construction of
thereof is the main goal of this section. In the non-equivariant case similar spectral
sequence was constructed in [Tur08,ET12].
Definition 4.1. Let α : Cr(D)→ {0, 1, x} be a map.
(1) If i ∈ {0, 1, x} define |α|i = #α−1(i).
(2) Define the support of α to be suppα = α−1({0, 1}).
(3) Define also the following family of maps
Bk(X) = {α : Cr(D)→ {0, 1, x} | suppα = X, |α|1 = k}.
(4) Denote by Dα the diagram obtained from D by resolving crossings from
α−1(0) by 0-smoothing and from α−1(1) by 1-smoothing.
By CKh(D) we will denote the unnormalized Khovanov complex
CKh(D) = CKh(D)[n−(D)]{2n−(D)− n+(D)},
where n+(D) and n−(D) denote the number of positive and negative crossings of
D, respectively.
Fix a crossing c ∈ Cr(D) and consider three maps
α0, α1, αx : Cr(D)→ {0, 1, x},
which attain different value at c, i.e. α1(c) = 1, αx(c) = x and α0(c) = 0, and
are identical otherwise. These data yield the following short exact sequence of
complexes
(7) 0→ CKh(Dα1)[1]{1} → CKh(Dαx)→ CKh(Dα0)→ 0,
see [Tur17]. There exists a chain map
δc : CKh(Dα0)→ CKh(Dα1){1},
such that CKh(Dαx) = Cone(δc), where Cone(δc) denotes the algebraic mapping
cone of δc, and (7) is the corresponding short exact sequence of complexes. The map
δc is obtained as follows. We identify CKh(Dα0) and CKh(Dα1) with submodules
of CKh(Dαx) “generated” by Kauffman states with c resolved with 0-smoothing or
1-smoothing, respectively. As a graded module CKh(Dαx) splits as the direct sum
CKh(Dαx) = CKh(Dα0)⊕ CKh(Dα1){1}[1].
with CKh(Dα1) a subcomplex. If pi1 denotes the projection of CKh(Dαx) onto
CKh(Dα1) and i0 denotes the inclusion of CKh(Dα0), then
δc = pi1 ◦ d ◦ i0.
When we consider two crossings c and c′, we obtain the following bicomplex
CKh(Dα10){1}
CKh(Dα00) ⊕ CKh(Dα11){2}
CKh(Dα01){1}
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where α00, α10, α01, α11 differ only at c or c′ and
α00(c) = α(c
′) = 0,
α10(c) = 1, α10(c
′) = 0,
α01(c) = 0, α01(c
′) = 1,
α11(c) = α11(c
′) = 1.
The horizontal maps are defined analogously as in the previous case. The total
complex of the above bicomplex is equal to the unnormalized Khovanov complex
of Dαxx , where αxx agrees with α00, α10, α01 and α11 outside c and c′ and
αxx(c) = αxx(c
′) = x.
Continuing this procedure we obtain the following bicomplex
N i,j,k =

⊕
α∈Bi(X)
CKh
j,k
(Dα){i}, 0 ≤ i ≤ #X,
0, otherwise.
The total complex of N , denoted by Tot(N)∗,∗ and defined by
Tot(N)i,j =
⊕
k+l=i
Nk,l,j ,
is equal to CKh(D).
Definition 4.2. Let M∗,∗,∗ be a bicomplex of graded Z-modules such that
M i,j,k =

⊕
α∈Bi(X)
CKhj,k(Dα)[c(Dα)]{i+ 3c(Dα) + #X}, 0 ≤ i ≤ #X,
0, otherwise,
where c(Dα) = n−(Dα)− n−(D). Vertical differentials
M i,j,∗ →M i,j+1,∗
are sums of ±1 multiplicities of differentials in the respective Khovanov complexes.
Horizontal differentials
M i,j,∗ →M i+1,j,∗,
on the other hand, are induced from the appropriate horizontal maps in the bicom-
plex N∗,∗,∗.
Proposition 4.3. The total complex of M∗,∗,∗ is equal to the Khovanov complex
CKh(D).
Proof. Since the total complex of N∗,∗,∗ is equal to CKh(D) and
CKh(D) = CKh(D)[−n−(D)]{n+(D)− 2n−(D)},
we only need to check, that the application of the appropriate shift to N results in
M .
N i,j,k[−n−(D)]{n+(D)− 2n−(D)} =
=
⊕
α∈Bi(X)
CKh
j,k
(Dα)[−n−(D)]{i+ n+(D)− 2n−(D)} =
=
⊕
α∈Bi(X)
CKhj,k(Dα)[c(Dα)]{i+ 2c(Dα) + n+(D)− n+(Dα)} =
=
⊕
α∈Bi(X)
CKhj,k(Dα)[c(Dα)]{i+ 3c(Dα) + #X} = M i,j,k,
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because
n+(D)− n+(Dβ) =
= # Cr(D)− n−(D)− (# Cr(D)−#X − n−(Dβ)) =
= c(Dβ) + #X.

Definition 4.4. Let
Fi(D, X) = Tot(
⊕
j≥i
M j,∗,∗),
for 0 ≤ i ≤ #X. The family {Fi(D, X)}i is a filtration of the Khovanov complex.
This filtration is the column filtration of the bicomplex M∗,∗,∗, see Theorem 2.15
in [McC01].
Theorem 4.5 ([ET12]). Let D be a link diagram and let X ⊂ Cr(D). The pair
(D, X) determines a spectral sequence
{E∗,∗,∗r , dr}
of graded modules converging to Kh∗,∗(D, R) such that
Ei,j,∗1 =
⊕
β∈Bi(X)
Khj,∗(Dβ , R)[c(Dβ)]{i+ 3c(Dβ) + #X},
where c(Dβ) = n−(Dβ)− n−(D).
Proof. This is the spectral sequence associated to the column filtration of the bi-
complex M as in Theorem 2.15 in [McC01]. 
Suppose now, that D is an m-periodic link diagram. If X ⊂ CrD is invariant
under the action of Zm then for any 0 ≤ k ≤ #X there exists an induced action on
Bk(X). Therefore, members of the filtration are invariant under the action of Zm.
Proposition 4.6. If X ⊂ CrD is an invariant subset, then for any i ∈ Z, Fi(D, X)
is a chain complex of Λm-modules.
Let us assume, for the remainder part of this section, that X consists of a single
orbit of crossings.
Definition 4.7. Let 0 ≤ i ≤ m and d | gcd(m, i). Analogously as in Definition 2.10
define
Bdi (X) = {α ∈ Bi(X) : ∀g∈Zd⊂Zmg · α = α}.
Moreover, denote by Bdi (X) the quotient of Bdi (X) by Zm.
Lemma 4.8. If α ∈ Bdi (X), then Dα is Zd-periodic.
Proof. The lemma follows readily, because such diagrams have similar structure as
the Kauffman states belonging to Sdi (D), as in Definition 2.10. 
Proposition 4.9. For 0 ≤ i ≤ m
Fi(D, X)/Fi+1(D, X) =
=
⊕
d|gcd(m,i)
⊕
α∈Bdi (X)
IndZmZd
(
CKh(Dα)[t(α)]{q(α)} ⊗Z Zs(m,r,d)−
)
,
where s(m, r, d) is defined in Lemma 2.11. Moreover
t(α) = c(Dα) + i,
q(α) = i+ 3c(Dα) +m.
Proof. Proposition is a direct consequence of Lemma 2.11. 
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Theorem 4.10. For any m-periodic diagram D and any Λm-moduleM there exists
a spectral sequence {E∗,∗r (M), dr} which converges to KhZm(D,M) with
Ei,∗q =
⊕
d|gcd(m,i)
⊕
α∈Bdi (X)
Kh∗,∗Zd
(
Dα, (ResZmZd M)⊗Z Z
s(m,r,d)
−
)
[t(α)]{q(α)}.
Proof. By [TSPA14, Lemma 26.14] we obtain a spectral sequence {E∗,∗r (M), dr}
converging to Kh∗,∗Zm(D,M) such that
Ei,j1 (M) = Ext
j
Λm
(M,Fi(X)/Fi+1(X)) .
Proposition 4.9 implies that the quotient Fi(X)/Fi+1(X) decomposes into a direct
sum of modules of the form IndZmZd CKh(Dα)[t(α)]{q(α)}, where 0 ≤ k ≤ m and Dα
is d-periodic. By Shapiro’s Lemma
Ext∗Λm
(
M, IndZmZd
(
CKh(Dα)[t(α)]{q(α)} ⊗Z Zs(m,r,d)−
)) ∼=
∼= Ext∗Λd
(
ResZmZd M,CKh(Dα)[t(α)]{q(α)} ⊗Z Z
s(m,r,d)
−
) ∼=
∼= Ext∗Λd
(
ResZmZd M ⊗Z Z
s(m,r,d)
− ,CKh(Dα)[t(α)]{q(α)}
) ∼=
∼= KhZd(D, (ResZmZd M)⊗Z Z
s(m,r,d)
− ).
The last isomorphism follows from the fact that for any Λm-modules M and N
there exists an isomorphism
HomΛm (M,N)
∼=−→ HomΛm (M ⊗Z Z−, N ⊗Z Z−) ,
f 7→ f ⊗ id .

In Section 3.2 we studied equivariant Khovanov homology with coefficients in
cyclotomic rings. Assume now that m = pn is a power of an odd prime. As a
special case of Theorem 4.10 we obtain a spectral sequence for Kh∗,∗,p
m−s
Zpn (L), for
any 0 ≤ s ≤ m.
Corollary 4.11. Let L be a pm-periodic link, where p is an odd prime, and let
X ⊂ CrD consists of a single orbit. For any 0 ≤ s ≤ m we have
E0,j1 (Z
[
ξpm−s
]
) = Khj,∗,p
m−s
Zpm (Dα0)[c(Dα0)]{q(α0)},
Ep
m,j
1 (Z
[
ξpm−2
]
) = Khj,∗,p
m−s
Zpm (Dα1)[c(Dα1)]{q(α1)},
Ei,j1 (Z
[
ξpm−s
]
) =
⊕
0≤v≤ui
⊕
α∈Bpvi (X)
Kh
j,∗,k(v,s)
Zpv (Dα)[c(Dα)]{q(α)}`(v,s)
where 0 < i < pm. Above α0, α1 are the unique elements of B0(X) and Bpm(X),
respectively. Moreover, i = puig, where gcd(p, g) = 1 and
q(α) = i+ 3c(Dα) + pm,
k(s, v) =
{
1, v ≤ s,
pv−s, v > s,
`(s, v) =
{
ϕ(pm−s), v ≤ s,
pm−v, v > s.
Proof. Theorem follows from the following identity
Res
Zpm
Zpv Z
[
ξpm−s
]
=
{
Zϕ(pm−s), v ≤ s,
Z
[
ξpv−s
]pm−v
, v > s,
which is Proposition 2.1.19 in [Pol15]. 
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The case m = 2 will be important in Section 5.
Theorem 4.12. The E1 pages of the respective spectral sequences for 2-periodic
links are given below.
E0,j1 (Z) = Kh
j,∗,s(D00)
Z2 (D00){3c(D00) + 2},
E1,j1 (Z) = Kh
j,∗(D01){3c(D01) + 3},
E2,j1 (Z) = Kh
j,∗,3−s(c(D11))
Z2 (D11){3c(D11) + 4},
E0,j1 (Z−) = Kh
j,∗,3−s(D00)
Z2 (D00){3c(D00) + 2},
E1,j1 (Z−) = Kh
j,∗(D01){3c(D01) + 3},
E2,j1 (Z−) = Kh
j,∗,s(c(D11))
Z2 (D11){3c(D11) + 4},
where s ∈ {1, 2} and
s(Dα) ≡ c(Dα)
2
(mod 2).
Proof. This theorem follows directly from 4.10. 
5. Equivariant Khovanov homology of torus links T (n, 2)
In Section 3.3 we showed that in some cases simple dimension counting arguments
can be used to determine equivariant Khovanov homology. In particular for torus
link T (n, 2) we were able to compute Kh∗,∗,dZm (T (n, 2)) for any m | n and d | m such
that d > 2. In this section we will focus on the case m = 2. In the remainder part
of this section we will work with a fixed 2-periodic diagram of T (m, 2) obtained by
closing the braid diagram depicted in Figure 9.
Before we start, let us introduce some notation.
KhP(L;Q) =
∑
i,j
tiqj dimQ Kh
i,j(L;Q),(8)
KhP1(L) =
∑
i,j
tiqj dimQ Kh
i,j,1
Z2 (L;Q),(9)
KhP2(L) =
∑
i,j
tiqj dimQ Kh
i,j,2
Z2 (L;Q).(10)
We will say that (8) is the Khovanov polynomial of L and (9) together with (10)
are equivariant Khovanov polynomials of L. Notice that Proposition 3.13 implies
that
(11) KhP(L;Q) = KhP1(L) + KhP2(L).
The main theorem of this section is stated below.
Theorem 5.1. Equivariant Khovanov polynomials of the 2-periodic link T (m, 2),
m > 1, are given below.
KhP1(T (2m+ 1, 2)) = KhP(T (2m+ 1, 2);Q),
KhP2(T (2m+ 1, 2)) = 0,
KhP1(T (2m, 2)) = KhP(T (2m, 2);Q)− t2mq6m,
KhP2(T (2m, 2)) = t
2mq6m.
The proof of Theorem 5.1 will occupy the rest of this section.
Let us start with detailed computations for the case m = 2. Let D2 denote the
diagram of the Hopf link that can be obtained as the closure of the diagram in
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Figure 8. Anticommutative cube for T (2, 2)
CKh0,j,1(T (2, 2)) CKh1,j,1(T (2, 2)) CKh2,j,1(T (2, 2))
j = 4 1⊗ 1, (1, 1) 1⊗X −X ⊗ 1
j = 2 1⊗X, X ⊗ 1 (X,X)
j = 0 X ⊗X
CKh0,j,2(T (2, 2)) CKh1,j,2(T (2, 2)) CKh2,j,2(T (2, 2))
j = 6 1⊗ 1
j = 4 12 (−1, 1) 1⊗X +X ⊗ 1
j = 2 12 (−X,X) X ⊗X
Table 1. Generators of CKh∗,∗,1Z2 (T (2, 2);Q) and CKh
∗,∗,2
Z2 (T (2, 2);Q).
Figure 9. Khovanov bracket of T (2, 2) is depicted on Figure 8 The action of Z2 on
the Khovanov complex, as discussed in Section 2, is given by:
CKh0,∗(T (2, 2)) : a 7→ a,
CKh1,∗(T (2, 2)) : (a, b) 7→ (b, a),
CKh2,∗(T (2, 2)) : a⊗ b 7→ −b⊗ a.
Using the above formulas, we can write down a list of generators of the complexes
CKh∗,∗,1Z2 (D,Q) and CKh
∗,∗,2
Z2 (D,Q), see Table 1, and obtain
KhP1(T (2, 2))(t, q) = 1 + q
2 + t2q4,(12)
KhP2(T (2, 2))(t, q) = t
2q6.(13)
Before proceeding further, let us recall that, according to [Kho00], Khovanov
polynomial of the torus link T (m, 2) is equal to
KhP(T (2k, 2)) = q2k−2 + q2k + t2q2k+2(1 + tq4)
k−2∑
j=0
t2jq4j(14)
+ t2kq6k−2 + t2kq6k
KhP(T (2k + 1, 2)) = q2k−1 + q2k+1 + t2q2k+3(1 + tq4)
k−1∑
j=0
t2jq4j(15)
for k > 0.
Denote by Dm the 2-periodic diagram representing the torus link T (m, 2) ob-
tained by closing braid diagram from Figure 9. The proof will be inductive with
respect to the number of orbits. The base case m = 2 was already established. The
inductive step will be performed with the aid of the skein spectral sequence. In
order to do that choose the orbit of crossings depicted in Figure 9.
Let us study the first page of the respective skein spectral sequence.
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Figure 9. The 2-periodic diagram Dm of T (m, 2), where m de-
notes the number of strands of the depicted braid. The chosen
orbit of crossings is marked with red circles.
Figure 10. Bicomplex associated to the 2-periodic diagram of
T (m, 2) from figure 9.
n− 2 strands
Figure 11. Diagram D′ isotopic to the diagram of the D01.
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Lemma 5.2. The zeroth and second columns of the E1 page of the respective skein
spectral sequence applied to the 2-periodic diagram Dm is given by
E0,j,k1 (Q) = Kh
j,k−1,1
Z2 (Dm;Q)⊕Kh
j,k−3,1
Z2 (Dm;Q),
E0,j,k1 (Q−) = Kh
j,k−1,2
Z2 (Dm;Q)⊕Kh
j,k−3,2
Z2 (Dm;Q),
E2,j,k1 (Q) = Kh
j,k−4,2
Z2 (Dm−2;Q),
E2,j,k1 (Q−) = Kh
j,k−4,1
Z2 (Dm−2;Q).
Proof. From Figure 10 it is not hard to see, that the diagram D00, i.e. the leftmost
diagram, is the split sum Dm−1 unionsq U , where U is an unknot diagram. Additionally,
D00 inherits orientation from Dm, therefore c(D00) = 0, because Dm was oriented
so that all crossings are positive. This concludes the proof.
Consider the rightmost diagram D11 in Figure 10. We have D11 = Dm−2. It
is not hard to check that we can orient D11 in such a way that all crossings are
positive, therefore c(D11) = 0. 
Lemma 5.3. The first column of the E1 page of the respective skein spectral se-
quence of the 2-periodic diagram Dm is given by
E1,j,k1 (Q) = E
1,j,k
1 (Q−) =

Khj,k−4(D2k−2), j < 2k − 2,
Q{6k − 4}, j = 2k − 2,
Q{6k}, j = 2k − 1,
0, j > 2k − 1,
if m = 2k and
E1,j,k1 (Q) = E
1,j,k
1 (Q−) =
 Kh
j,k−4(D2k−1,2), j < 2k,
Q{6k + 1} ⊕Q{6k + 3}, j = 2k,
0, j > 2k,
if m = 2k + 1.
Proof. Let us denote by D01 one of the diagrams in the middle column of Figure 10.
It is not hard to see, that D01 can be oriented in such a way that all crossings are
positive, therefore c(D01) = 0.
Let us denote by D′ the diagram obtained by the closure of the braid from
Figure 11. Orient it, so that all crossings are positive. Notice that D01 and D′
are isotopic. In order to prove the lemma, let us compute Kh(D′;Q). Let D′0 and
D′1 denote 0-smoothing and 1-smoothing, respectively, of the crossing marked in
Figure 11. D′0 is Dm−2 with c(D′0) = 0. On the other hand, D′1 represents an
unknot and c(D′1) = m− 2.
Consider first the case m = 2k, for k > 1. Since D′1 is an unknot diagram there
can be only one possibly non-vanishing map in the skein exact sequence associated
to the crossing marked in Figure 11, namely
Q = Kh2k−2,6k−6(D2k−2) δ−→ Kh0,−1(D′1) = Q.
Suppose that δ = 0 and notice that if m = 2k, then D′ represents a knot. It is
not hard to see, that Khovanov homology of this knot is concentrated only on two
diagonals j − 2i = 2k − 3, 2k − 1, regardless of the vanishing of δ. Furthermore, if
δ vanishes then
(16) KhP(D′) = qKhP(D2k−2) + t2k−1q6k−7 + t2k−1q6k−5.
On the other hand, [Lee05, Theorem 4.4] and [Ras10, Proposition 3.3] imply that
(17) KhP(D′) ≡ qs(q + q−1) (mod (1 + tq4)),
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for some integer s. However, from (16) it follows that
KhP(D′) ≡ q2k−3 + q2k−1+
+ q−8k+8(q6k−7 + q6k−5)(1− q−4) (mod (1 + tq4)),
which contradicts (17). Thus, δ must be nontrivial.
If m = 2k + 1, there is also only one case to consider, namely
Q = Kh2k−1,6k−3(D2k−1)→ Kh0,−1(D′1) = Q.
Notice that D′ represents a 2-component link, whose Khovanov homology is concen-
trated on two diagonals. Once, more by [Lee05, Theorem 4.4] and [Ras10, Propo-
sition 3.3] we know that
(18) KhP(D′) ≡ qs(q + q−1) + t2qs′(q + q−1) (mod (1 + tq4)),
By argument as in the even case we deduce that δ must vanish. 
Proof of Theorem 5.1. The proof is inductive. The base case was done in (9)
and (10).
In order to perform the inductive step we will consider two cases. First, let
m = 2k + 1. From Lemmas 5.2 and 5.3 we obtain the E1 page of the spectral
sequence E∗,∗,∗∗ (Q−), which is depicted in Figure 12. Since
Kh2k+1,∗(D2k+1) = Q{6k + 3},
Kh2k,∗(D2k+1) = Q{6k − 1},
it follows from (14) that the differential
d0,2k1 : 2E
0,2k,∗
1 → 2E1,2k,∗1
is an isomorphism. Analogous argument using comparison of gradings of E1,k1 (Q−)
and Khk+1,∗(D2k+1) yield that E∗,∗,∗2 (Q−) is zero. Thus,
Kh∗,∗,2Z2 (D2k+1;Q) = 0,
and consequently by (11) we obtain
Kh∗,∗,1Z2 (D2k+1;Q) = Kh∗,∗(D2k+1).
Consider now the case m = 2k. The E1 page of the respective skein spectral
sequence is presented in Figure 12. Comparison of gradings of E∗,∗,∗1 (Q−) and
gradings of Kh∗,∗(D2k−2) yields that the only nonzero entry of E∗,∗,∗2 (Q−) is
E1,2k−1,6k2 (Q−) = Q.
Therefore,
Kh∗,∗,2Z2 (D2k;Q) = Q[2k]{6k}.
The desired conclusion follows from (11).

Appendix A. Properties of cyclotomic rings
Definition A.1. Let m be a positive integer, then the m-th cyclotomic polynomial
is the following polynomial
Φm(X) =
∏
1≤a≤m−1
gcd(a,m)=1
(X − ξam) ∈ Z[X].
Moreover, we Euler’s totient function can be defined as
ϕ(m) = deg Φm(X) = #{a : 1 ≤ a ≤ m, gcd(a,m) = 1}.
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0 1 2
0
...
2k − 1
2k
Q{6k + 3}
⊕
Q{6k + 1}
Q{6k + 3}
⊕
Q{6k + 1}
Kh(D2k−1){4} Kh(D2k−1){4}
Figure 12. E∗,∗,∗1 (Q−) of D2k+1.
0 1 2
0
...
2m− 3
2m− 2
2m− 1 Q{6m}
Q{6m− 4} Q{6m− 4}
Kh(T (2m− 2, 2)){4} Kh(T (2m− 2, 2)){4}
Figure 13. 2E
∗,∗,∗
1 of T (2m, 2).
Let also d be a divisor of m. Define the following polynomial
Ψm,d(X) =
Xm − 1
Φd(X)
.
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Proposition A.2. Let m be a positive integer and d its divisor, then there exists
an isomorphism of graded rings
Ext∗Z[Zm] (Z [ξd] ,Z [ξd]) ∼= Z [ξd] [Td]/(Ψm,d(ξd)Td),
where Td ∈ Ext2Z[Zm] (Z [ξd] ,Z [ξd]) is represented by the following Yoneda extension
0→ Z [ξd]→ Z [Zm] Φd(t)−→ Z [Zm]→ Z [ξd]→ 0,
where t denotes a generator of Zm. In particular
Ext2iZ[Zm] (Z [ξd] ,Z [ξd]) =
 Zm, i > 0, d = 1,A(m, d), i > 0, d > 0,Z [ξd] , i = 0,
Ext2i+1Z[Zm] (Z [ξd] ,Z [ξd]) = 0.
where A(m, d) is a finite abelian group of order m·rad(d)d , where rad(d) denotes the
product of all primes dividing d.
Proof. The first isomorphism
Ext∗Z[Zm] (Z [ξd] ,Z [ξd]) ∼= Z [ξd] [Td]/(Ψm,d(ξd)Td),
can be verified using [Wal79, Lemma 1.1] and the following 2-periodic projective
resolution of Z [ξd] over Z [Zm]
. . .
Φd(t)−−−→ Z [Zm] Ψm,d(t)−−−−−→ Z [Zm] Φd(t)−−−→ Z [Zm] −→ Z [ξd] .
To prove the second part, notice that if we apply the Möbius inversion formula, see
[IR90, Theorem 2], to the equality
Xd − 1 =
∏
d′|d
Φd′(X)
we obtain
Φd(X) =
∏
d′|d
(Xd
′ − 1)µ(d/d′),
where µ is the Möbius function
µ(n) =
 0, p
2 | n
1, n = p1 · p2 · . . . · p2k,
−1, n = p1 · p2 · . . . · p2k+1,
for k ≥ 0 and p, pi some primes. Now
Ψm,d(ξd) = lim
z→ξd
zn − 1
Φd(z)
=
∏
d′|d
d′<d
(ξ
d/d′
d − 1)−µ(d
′) lim
z→ξd
zm − 1
zd − 1 =
=
m
d
∏
d′|d
d′<d
(ξd′ − 1)−µ(d′).
Since µ(d′) = 0 whenever d′ is not square-free, we can restrict the above product
to square-free divisors d′. Moreover, notice that whenever d′ is not prime, then
ξd′ − 1 is invertible, therefore the principal ideal (Ψm,d(ξd)) can be written as the
following product
(Ψm,d(ξd)) =
(m
d
)
·
∏
p|d
(ξp − 1) .
Notice also that for any prime p we have ξp − 1 | p. This implies that the order of
the abelian group Z [ξd] /(Ψm,d(ξd)) is equal to m·rad(d)d . 
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Proposition A.3. Let m and d be as in the previous proposition. We have
Ext2i+1Z[Zm] (Z [ξd] ,Z) =
{
Fp, if d = pα is a prime power,
0, otherwise.
Ext2iZ[Zm] (Z [ξd] ,Z) = 0.
Proof. Consider the following periodic projective resolution
. . . −→ Z [Zm] Ψn,d(t)−−−−−→ Z [Zm] Φd(t)−−−→ Z [Zm] Ψn,d(t)−−−−−→ Z [Zm] Φd(t)−−−→ Z [Zm]
of the cyclotomic module Z [ξd]. Application of the functor HomZ[Zm] (−,Z) to the
resolution above yields the following complex
. . .←− Z Ψn,d(1)←−−−−− Z Φd(1)←−−− Z Ψn,d(1)←−−−−− Z Φd(1)←−−− Z.
The definition of Ψn,d(t) implies that it is divisible by t − 1, for d > 1, hence
Ψn,d(1) = 0. Moreover
Φd(1) =
{
p, if d = pα is a prime power,
1, otherwise.

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